Abstract. The purpose of the paper is to address the synchronous chaos in coupled map lattices with general connectivity topology. Our main results contain the following. First, the master stability functions also hold for general connectivity topology with coupling through a nonlinear function that needs to be exactly the individual chaotic map. Second, the synchronization curve, composed of pieces of transverse Lyapunov exponent curves, is constructed. Third, necessary and sufficient conditions on coupling strength for yielding the synchronous chaos of the system are given. Moreover, the coupling strength dc giving the fastest convergence rate of the initial values toward the synchronous state is explicitly obtained. It is also proved that such dc is independent of the choice of the individual map. Finally, our results here can be applied to address questions of wavelength bifurcations and size instability. [14] give analytical criteria for determining the range of coupling strength to acquire locally or even globally stable synchronization. On the other hand, to the best of our knowledge, there are no general results for global synchronization in coupled map lattices (CMLs). There are, however, globally synchronous results for some special cases (see, e.g., [15] ). As to the study of local synchronization in CMLs, the notion of master stability functions (MSFs) that allows one to isolate the contribution of the network structure in terms of the eigenvalues of the coupling matrix was introduced in [8] , [16] , [17] , [18] , [19] to determine the possible range of coupling strength. This function then defines a region of stably synchronous state in terms of the coupling strength and the eigenvalues of the coupling matrix. Most of the work done in finding such a region of stability of the synchronous state is numerical. In a few certain cases, such as when the coupling matrix is symmetric, the MSFs can be further reduced to a number of inequalities [20] , [21] , [22] , [23] 
Introduction.
A particularly interesting form of dynamical behavior occurs in networks of coupled systems or oscillators when all of the individual systems or oscillators acquire identical chaotic behavior. Such behavior of a network models many systems of interest in physics, biology, and engineering. A central dynamical question is: When is such synchronous behavior stable, especially in regard to coupling strengths in the network? Much progress in this direction has been made in lattices of coupled chaotic systems. Indeed, many results [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] give analytical criteria for determining the range of coupling strength to acquire locally or even globally stable synchronization. On the other hand, to the best of our knowledge, there are no general results for global synchronization in coupled map lattices (CMLs). There are, however, globally synchronous results for some special cases (see, e.g., [15] ). As to the study of local synchronization in CMLs, the notion of master stability functions (MSFs) that allows one to isolate the contribution of the network structure in terms of the eigenvalues of the coupling matrix was introduced in [8] , [16] , [17] , [18] , [19] to determine the possible range of coupling strength. This function then defines a region of stably synchronous state in terms of the coupling strength and the eigenvalues of the coupling matrix. Most of the work done in finding such a region of stability of the synchronous state is numerical. In a few certain cases, such as when the coupling matrix is symmetric, the MSFs can be further reduced to a number of inequalities [20] , [21] , [22] , [23] (1.1) h max + ln |1 + dλ i | < 0, i = 2, . . . , m.
Here h max is the largest Lyapunov exponent of the individual map, λ i are the nonzero eigenvalues of the m × m coupling matrix, and d is the coupling strength. The Gershgorin disk theory is then applied to obtain some sufficient conditions [23] on the coupling strength for local synchronization. The reason for the huge gap between the theory developed in the lattices of coupled chaotic systems and that of CMLs lies mostly in the fact that it is more natural to have a nonlinear coupling between oscillators in the CMLs. This is because a nonlinear coupling within suitable range of the coupling strength tends to yield an invariant region for the corresponding CMLs while linear coupling cannot. It should be noted that there is no such problem for the lattices of coupled chaotic systems. It should also be mentioned that all the analytical results of the lattices of the coupled chaotic systems stated above are linearly coupled. The purpose of this paper is to give the best possible results for the local synchronization of the CMLs. Indeed, we first prove that (1.1) holds true for general connectivity topology with a limitation that the nonlinear coupling needs to be the individual chaotic map as well. Second, the synchronization curve, composed of pieces of transverse Lyapunov exponent curves, is derived. With the help of the synchronization curve, we give necessary and sufficient conditions on yielding synchronization of the CMLs. Such conditions then lead to the identification of the optimal coupling strength interval for acquiring synchronization of the CMLs. The optimal interval is to be termed the synchronization interval of the CMLs. Moreover, the coupling strength d c , called the center of the synchronization interval and giving the fastest convergence rate of the initial values toward the synchronous state, can be identified. Such d c is independent of the choice of the individual map. Like the applications, our work here can also be used to analytically quantify how the small-world scheme improves the synchronizability of the network [24] , [25] , [26] , [27] . Furthermore, our results here can be applied to address questions of wavelength bifurcations [28] , [29] , [30] , [31] , [32] and size instability [32] . For CMLs or coupled chaotic systems, the following four scenarios are possible as the coupling varies: (i) no synchronization; (ii) the presence of short wavelength bifurcations (SWBs); (iii) the presence of intermediate wavelength bifurcations (IWBs); and (iv) the presence of long wavelength bifurcations (LWBs). Our main results give the following. First, if the coupling matrix has only real eigenvalues, then only (i) and (ii) are possible. Second, if the coupling matrix has complex eigenvalues, then all four scenarios are possible. Third, the critical values for which wavelength bifurcations occur as well as the exact number of oscillators capable of sustaining stably synchronous chaos can be explicitly computed. Finally, the minimum coupling value where all wavelength modes become de-excited enough to induce the stability of the synchronous state is also explicitly given.
We conclude this introductory section by mentioning the organization of the paper. The main results are contained in section 2. Three types of coupling matrices are provided in section 3 as illustrations and applications to our main results. Some concluding remarks about future research are addressed in section 4. 
where ⊗ denotes the Kronecker product,
To study the stability of the synchronous state {x i = s ∀i} of CML (2.2), we consider the variational equation of (2.2):
where ξ = (ξ 1 , . . . , ξ m ) and each ξ i is the perturbation to the ith oscillator. Let
or, equivalently, in block diagonal form,
Consequently, the Lyapunov exponents of (2.2) are
Here h j are the Lyapunov exponents of the individual system f , and λ k,i are the eigenvalues 
Clearly, the order of the magnitude of each entry of T i T * i is at most O(n 2k i −2 ). We conclude, via the Gershgorin disk theorem, that all eigenvalues of T i T * i are of the order O(n 2k i −2 ). Consequently, the Lyapunov exponents of (2.2) are
We summarize the above as follows. [8] . (ii) If the identity matrix I in (2.2) is replaced by a diagonal matrix D with some but not all diagonal elements being zero, then the corresponding system (2.2) is called a partial-state coupling. The partial-state coupling also finds applications in various fields. For instance, in self-pulsating laser diode equations (see, e.g., [33] ), only the photon density can be coupled with the electron density of the active region. Moreover, in the case of coupled chaotic systems, the systems that are partial-state coupled may exhibit different dynamic behavior. For instance, it is well known (see, e.g., [7] ) that for the coupled Lorentz systems, only if the x-component or y-component is coupled will the resulting system achieve synchronization.
We shall assume from here on that the real parts of the eigenvalues of G are nonpositive. To find the range of the coupling d so that (2.5) is fulfilled, we need to solve the following min max problem: (A) Set k 0 = 0, and
is the set of "actual" node points of r(d). 
Theorem 2.2. Let G be given as in Theorem 2.1. Assume that the real parts of the eigenvalues of G are nonpositive. Then r(d)
Using the first inequality in (2.7a), we have that
Here 1 is sufficiently small. It then follows from (2.8a), (2.8b), and procedure (A) that r(d) = r k 1 (d) on I 1 . Upon using (2.8a), we conclude that
We omit the proof of the remaining assertions of the theorem due to the similarity.
Note that not all c k i given in (2.7a) could be critical points of r(d). In fact, the critical points of r(d) may not even come from the set {c k i }. We next identify the "actual" critical points of r(d). Our next main result shows that r(d) has exactly one critical point.
Theorem 2.3. The curve r(d) has a unique critical point d c that solves the min max problem (2.6). Moreover, the optimal range of coupling d to sustain stably synchronous chaos of
(2.2) is (d l , d r ). Here d l and d r , d l < d r ,
are the intersection points (if any exist) of the straight line y = e −hmax and the curve y = r(d). Consequently, CML (2.2) acquires local synchronization if and only if
Proof. We break up the proof of the theorem into the following three steps.
Step I. We first claim that the number of c k i lying in the interior 
. Inequalities (i) and (iii) hold true since c ka and c k b are, respectively, the minimum points of r ka (d) and r k b (d). The fact that r ka (d) lies above all other curves on I a leads to inequality (ii). Combining these inequalities, we have that
, which is in contradiction to the fact that r k b is the maximum curve on I k b .
Step II. We next show that if
Using the conclusion in Step I and the fact that r 2
Step i=2 the distinct nonzero eigenvalues of G. Then We next compare our results with those obtained in [23] , [34] . Their sufficient conditions on the coupling strength for obtaining stable synchronization are, respectively, given as follows:
d e −hmax ∀i, j with i = j. However, the first inequality above fails to find any suitable coupling strength provided that G has zero off-diagonal elements. If G is given as above with m ≥ 4 and f (x) = 4x(1−x), then the second inequality also fails to find any suitable coupling strength.
Example 2. Consider synchronization in a directed ring of 2K nearest neighbor coupled oscillators [19] with K = 2 and m = 9. Specifically, the coupling matrix G under consideration is a circulant matrix of the form 
Conclusions.
We conclude this paper by mentioning the difficulty one might face by applying our methods to more general cases, D = I or h = f , and a possible approach to solving them.
Our main results in this paper are based on the study of the inequalities in (2.5). However, in the case that D = I or h = f , it seems to be a nontrivial matter to find their corresponding inequalities such as (2.5). One possible approach is to find the lower and upper bounds of the Lyapunov exponents of (2.2), where both bounds have expressions similar to those in (2.4).
